Abstract. The present paper explores the capabilities of a tensegrity-inspired tower with regard to frequency tuning by shape morphing. To change the configuration of the proposed structure, shape-memory-alloy actuators are used. This actuation principle also takes advantage of the variation of the elastic modulus of shape-memory alloys associated with the martensitic transformation. The temperature modulation of the shape-memory-alloy wires is successfully achieved by Joule heating, through a proportional-integral-derivative controller, to change between a low-temperature shape and a high-temperature shape. The implementation of a short-time-Fourier-transform control algorithm allows for the correct identification of the dominant input frequency, associated with the dynamic excitation. This information is used to automatically change the configuration of the structure in order to shift its natural frequency away from that of the dynamic excitation. With this frequency tuning, one obtains a reduction of the accelerations throughout the structure up to about 80%. The good performance of the proposed control approach gives promising indications regarding the use of tensegrity systems, in combination with shape-memory alloys, for shapemorphing applications, and, in particular, for self-tuning structures.
Introduction
Tensegrity structures (TSs) are three-dimensional reticulated systems composed of cables and struts whose stability is provided by a self-stress state between tensioned and compressed members [1, 2] . TSs have peculiar properties which make them well suited for shape-morphing applications [3] [4] [5] [6] . Among these properties, we find the following ones. TSs are easy to fold and deploy, since a cable can go slack and occupy a small volume, and TSs are usually composed of more cables than bars. TSs can also have bars not connected to each other. TSs can be more accurately modelled, since each member of a TS is subjected to an axial force only, without bending or torsion. TSs usually require small control energy to change their shape [7, 8] . Moreover, some TSs can present a nonlinear dynamic response originating from their special three-dimensional configuration [9, 10] . All these properties are independent of the scale of the structure. In previous studies, TSs have been considered for foldable/deployable systems which can be compactly stowed and reliably deployed [11] [12] [13] [14] [15] [16] [17] , or for smart and adaptive robotic structures whose members can act as sensors and/or actuators [18] [19] [20] [21] [22] [23] [24] . The most recent applications include a robot for rough terrain locomotion [25] and an unfurlable reflector for in-orbit telecommunication satellites [26] .
An adequate choice of actuators is crucial in the development of TSs as shape-morphing structures. Here we focus on combining TSs with shape-memory-alloy (SMA) wires. On one hand, SMA wires can be a convenient actuation solution for TSs, mainly because the heavy components of the actuation system (the power unit for Joule heating in this case) can be located at anchorage points, far away from where the motion occurs. This is clearly a better solution than having heavy motorized components positioned close to or on the moving parts, or having motors remotely located by using continuous cables running over pulleys [27] , which would give a more complex mechanical behavior due to friction [28] . Notice that another actuating solution previously adopted is the one provided by pneumatic muscles [29] . Although SMA actuators have limitations too, they can provide a reliable solution in many circumstances. On the other hand, TSs are the natural choice when one wants to exploit the properties of SMA in threedimensional structures. This is because of the following reasons. First, owing to the maturity of SMA wire technology, wires can be manufactured with the desired material properties. Second, the thermo-mechanical behavior of these one-dimensional elements can be predicted with a better degree of accuracy, with respect to two-or three-dimensional SMA elements. Third, since SMA wires operate in tension, they necessarily have to be embedded in stable prestressed systems, and TSs constitute the simplest instance of such systems.
In this study, a particular application of SMA-equipped TSs to vibration control is presented. This is the first step of a more general investigation that we are undertaking on these kind of structures. Usually, with an adequate placement of the compressive members, the strength-to-weight ratio of TSs is maximized for obtaining higher structural efficiencies. However, due to their inherent flexibility, relatively low structural damping, and low self-weight, tensegrity structures can experience high vibration levels in response to dynamic loadings, especially in resonance situations [30] . Several vibration control strategies have been proposed, mainly based on the modification of the structural self-stress, through small movements of active struts or ties [2, [31] [32] [33] . Here, the frequency tuning capabilities of a tensegrity inspired structure are explored, using SMA NiTi wires as actuators. SMAs have been widely used to mitigate vibrations, both in passive control systems and adaptive control systems, taking advantage of the superelastic effect, in the former case [34] [35] [36] [37] [38] , and of the shape-memory effect, in the latter case [39] [40] [41] [42] [43] [44] .
In the proposed study, the adaptive control system provides the structure with a shape-morphing ability to reduce the maximum acceleration measured under timedependent external loads [31] . The frequency tuning of the prototype is achieved by a time-frequency control algorithm, based on the short-time-Fourier transform (STFT), used to characterize the dominant excitation frequency. In order to shift the natural frequency away from the dominant frequency of the dynamic excitation, the structure can automatically change its configuration using temperature modulation of the SMA wires. The temperature control algorithm is based in a proportional-integral-derivative (PID) control approach, using Joule heating to heat the SMA wires, that is, heating the actuators using electric current.
The paper is organized as follows. In Section 2, the basic principles governing the design of shape-morphing TSs are first presented and then applied to the case of the modular tower of this study. In Section 3.1, the design of the tower and the concept of vibration control through shape morphing are detailed. In Section 3.2, the experimental setup is described. Then we present the experimental assessment of the effect of temperature modulation on the tower geometry (Section 3.3), and of the efficiency of shape morphing relative to frequency tuning (Section 3.4). In Section 4 the STFT and PID control algorithms adopted in this study are described. The results on vibration reduction performances are presented and discussed in Section 5, while our conclusions are drawn in Section 6.
Basic design of shape-morphing TSs

Self-stress states and internal mechanisms
TSs have been given various definitions. The most general, chosen by mathematicians, and the one used here is: prestressed pin-connected frameworks composed of bars and cables. Bars can carry either tension or compression, while cables can carry only tension. We also use the term strut to indicate a bar in compression.
A TS, or tensegrity framework, is determined by a set of n points, called nodes, in the three-dimensional Euclidean space, together with a set of e edges connecting pairs of nodes, each labeled either bar or cable. If there are bars only, then we have a bar framework. We will say that ij is the edge connecting nodes i and j. Let p i be the position vector of node i with respect to a fixed reference frame. The configuration of a TS is given by the 3n-dimensional vector p which groups together all the nodal position vectors. Similarly, we can associate to each node an external force vector and a displacement vector, so that f and u are the 3n-dimensional vectors containing all nodal external forces and nodal displacements respectively. The edge ij has length l ij , and carries the internal axial force, or generalized stress, t ij , while the edge's percent elongation is d ij . The corresponding e-dimensional vectors for the whole system are l, t, and d, respectively.
In the linear theory of bar frameworks [45] , the equilibrium operator, A, a function of p only, provides the linear relation between internal forces and external forces,
while its transpose, the kinematic compatibility operator, A T , links "small" displacements to "small" elongations,
The elements of the nullspace of A are the self-stress states, t s , which are balanced by null external forces; the elements of the nullspace of A T are the mechanisms, u m , nodal displacements which do not change the length of the edges:
We say that a mechanism is nontrivial if it does not correspond to a rigid-body motion of the framework.
Structural classification
We denote by s and m, respectively, the number of independent states of self-stress and the number of independent nontrivial mechanisms. Tensegrity frameworks and bar frameworks can be classified into the following four classes according to the values of s and m: Clearly, s > 0 for TSs, so that they must belong to classes (iii) and (iv). Methods for determining the class of TSs, and to check their stability, have been given in the literature, for example, in [46] . TSs in class (iii) need to satisfy a simple compatibility criterion on the sign of the self-stress: for a system to be stable there must exist a self-stress where the sign of the stress in each edge matches the corresponding label (positive for cables and positive, negative, or null for bars). TSs of interest in class (iv) are sometimes termed first-order infinitesimal mechanism, meaning that prestress imparts them a first-order geometric stiffness. The configuration of these systems is characterized by the fact that the rank of the equilibrium matrix is not maximal. Owing to the presence of mechanisms, TSs in class (iv) are usually more flexible then those in class (iii). The natural frequencies associated to mechanisms scale with the square of the prestress level, and this feature can be used for frequency tuning of the more flexible TSs in class (iv). On the other hand, the natural frequencies which are not associated to mechanisms are practically unaffected by changes in the prestress level [47, 48] . We consider in this study the stiffer TSs in class (iii) for the following reason: since they have no mechanism, their dynamic response is not sensitive to changes in the prestress level, changes which can be caused by Joule-heating-induced phase transformations in SMA wires.
Compatibility conditions
Useful information can be obtained from the equilibrium operator. First of all, since vectors in the image of A T are orthogonal to vectors in the nullspace of A, we have that the following condition need to hold between kinematically admissible elongations and self-stress states:
Thus edges' elongations cannot be arbitrarily chosen: they are restricted by s = dim(Ker A) independent compatibility conditions, which means that, to change the shape of a TS, up to s + 1 edges need to change length. By considering a TS with s = 1, when two edges (with non-null stress) change length, we have:
with the subscripts 1 and 2 referring to the two edges. The relation above shows that when these two edges are either two cables or two struts, one shorten and the other one lengthen; if the two edges are a cable and a strut, then they both shorten, or lengthen. Moreover, if the self-stress in one edge tends to zero the elongation of the other one tends to zero as well.
It is worth recalling that there are two other types of compatibility conditions a TS need to satisfy [49] , these arė
The former condition can be interpreted as follows. Considering a TS whose stress state changes in only two edges, if they are both cables, or struts, the stress increases in one edge and decreases in the other one; if they are a cable and a strut, the stress in both edges increases, or decreases, in absolute value. The latter condition means that in a TS with many cables and few struts, the stress in struts is on average higher than that in cables, indicating that cables requires on average less power for actuation.
We now describe how condition (2) is applied to the rectangular-shaped 2D module in Fig. 1 , called C2T4 module in [50] . This module is composed of two horizontal cables and two vertical cables, forming the sides of the rectangle, and by two struts, forming the diagonals. This module has one state of self-stress, s = 1, nonnull in every edges, and no mechanisms in 2D, thus it belongs to class (iii). The symmetric shape change shown in Fig. 1 can be obtained by shortening the vertical cables of a predetermined amount, and by letting the horizontal cables increase in length according to (2) , while keeping the length of struts unchanged. In a modular tower composed of several modules (Fig. 2) , where the top horizontal cable of one module coincide with the bottom horizontal cable of the next module, there is a number of self-stress states equal to the number of modules. Notice that connecting two module in general can cause additional self-stress states to be generated. Since each self-stress state is localized at the corresponding module, condition (2) can have various implications. For example, to change the length of a horizontal cable shared between two modules, the length of two more edges, one in each of these modules, need to adjust accordingly. This is because the two self-stress states of these modules are affected. If instead it is the length of a strut or a vertical cable to change, then only one other strut or vertical cable of the same module need to adjust accordingly. This is because only the self-stress of that module is involved. It is easy to see that condition (2) is satisfied when the symmetric shape change we described above is applied simultaneously, and in equal measure, to all modules in a tower.
Adaptive shape-morphing structure
Definition of the tower structure
The proposed adaptive structure is inspired by the C2T4 module (Figure 1(a) ). By controlling the lengths of the vertical tendons it is possible to change the overall shape of the module. The module is simply supported and has a horizontal sliding bearing to accommodate the horizontal extension (u h ) associated with the shape-morphing, as shown in Figure 1(b) . With the shape morphing, the angle θ i changes to θ f , causing a shift on the natural frequency of the module. A parametric study comprising several finite-element (FE) models, using SAP2000, was performed in order to assess the influence of shape-morphing on the efficiency of the proposed control approach. This efficiency can be characterized by r = f f /f i , being f i the initial frequency of the structure and f f the frequency after the shape morphing. The analyzed models were twodimensional towers composed of three superposed C2T4 modules, with configurations ranging from θ i = 45 deg. to θ i = 75 deg., and a width of 145 mm. In this parametric study, the struts were considered to be made out of pine wood (E w = 12 GPa), with a rectangular cross section of 20×10 mm 2 . The system is activated by a set of vertical SMA wires, providing a maximum change in length (u v ) of about 4%. The SMA tendons were considered to have a circular cross section of diameter 0.5 mm. Their modulus of elasticity varyes between 40 GPa and 80 GPa, corresponding to the martensitic and austenitic phases, respectively. In Figure 2 , the modal configurations associated with the first vibration modes are presented, before and after shape morphing. In that the frequency shift of the structure, during the shape-morphing process, increases with θ i , ranging from 14%, for a θ i of 45 deg., up to about 28%, for a θ i of 75 deg..
The frequency shift in the analyzed structures is caused by two different effects: geometric effects, directly related to the shape-morphing process itself, and physical effects related to variations on the modulus of elasticity of the SMA wires due to the thermal induced martensitic transformation. In fact, during the activation of the SMAs wires, which enables the desired change in the geometry of the tower, their modulus of elasticity also increases significantly. In Figure 3 these two components are clearly identified for the shape-morphing process of a generic structure, represented by the path a-b-c, in which a-b represents the frequency shift associated with the geometry variation alone, and b-c, the frequency shift due to the stiffening of the SMA wires.
Taking into consideration the results yielded by the parametric study, a threedimensional tower was conceived, with a total height of 1278 mm, comprising three 426 × 145 mm modules (θ i = 72 deg.), as shown in Figure 4 (a) (see Fig. 5 for a 3D view). This configuration corresponds to the low temperature shape (LTS), associated with the martensitic phase of the SMA tendons. In the high temperature shape (HTS), considering a 4% strain on the SMA actuators, the structure presents a total height of 1227 mm, and a width of 188 mm, as shown in Figure 4(b) . The HTS corresponds to the austenitic phase of the SMA tendons. In order to guarantee the robustness associated with the pretension principle for tensegrity structures, the horizontal tendons were realized by extension springs with a rest length of 130 mm and a spring constant of 90 N/m. By introducing an initial deformation in these springs one is able to convey a self-stressed state to the LTS. 
Experimental prototype
A general view of the prototype is shown in Figure 5 , where one can see the transversal threaded stainless steel bars connecting the joints, with a total length of 200 mm and a diameter of 5 mm. The prototype was mounted on a shake table (Quanser Shake Table  II) , in order to excite the structure. It was equipped with a set of four PCB Piezotronics, Inc. accelerometers, model 33B42, connected to a NI SCXI-1530 4 channel accelerometer amplifier. The accelerometers were placed on the three storeys of the prototype, and one was connected to the shake table. A Sorensen programmable DC power supply (PPS), model XHR 40-25, was used to allow the Joule heating of the SMA NiTi Flexinol R Actuator Wires, provided by DYNALLOY, Inc.. The control of the SMA actuators was performed in a voltage control mode, with a maximum input current of 2 A. The temperature of the NiTi wires was monitored by two T-type thermocouples (CopperConstantan), with a temperature reading range of -40
• C to 100
• C, connected to a NI SCXI-1112 8 channel thermocouple amplifier. The horizontal displacement of the sliding bearing of the prototype was monitored by a Baumer distance laser sensor, model OADM 20I4560-S14C, connected to a NI SCXI-1520 8-Channel Universal Strain Bridge with a NI SCXI-1314 Front Terminal. The general platform for the data acquisition and control was a NI PXI-1052. A DAQ assistant express VI, using NI-DAQmx software, was used to create, edit and run the analog inputs corresponding to the voltage measurement tasks. Using an averaging process, a sample compression of the data points was performed in order to attenuate the noise derived from the readings. 
Temperature modulation
In order to characterize the phase transformation temperatures of the SMA NiTi wires, a differential scanning calorimetry (DSC) test was performed, using a SETARAM-DSC92 thermal analyzer. The temperature program comprised a thermal cycle where the sample, tested as-received, was heated up to 130 One observes that, when passing from 20
• C to 80
• C, the horizontal extension of the prototype amounts to 43 mm, which amounts to a 30 % variation from its original width. The thermal cycle is characterized by a hysteresis, which leads to a temperature differential between heating and cooling of about 18
• C.
Frequency tuning
To investigate the efficiency of the shape morphing on the frequency tuning, the prototype, was subjected to a sweep signal, with frequencies ranging from 2.0 Hz to 6.0 Hz, for a set of four different temperatures (20
• C and 80
• C). The response of the system, in terms of the normalized acceleration of the third storey (a/a max) is presented in Figure 7 . The results obtained with the sweep analysis show that it is possible to tune the frequency of the prototype through shape-morphing. In fact, by changing the configuration of the prototype between the LTS and HTS, one is able to shift its natural frequency from 4.3 Hz to 5.2 Hz. This represents a 21% variation of the original frequency, which is in close agreement with the numerical results presented in Figure 3 . During this shape morphing, damping slightly decreases from 6.2% to 5.2%. For the 40
• C, the frequency remains mostly unaltered. At T = 60
• C, there is a frequency shift of about 10%. Once the acceleration amplification curves of the prototype, associated with the LTS and the HTS, have been characterized, is possible to establish which is the most suitable configuration for a given input frequency, i.e. the configuration that minimizes the system's response in terms of acceleration. Three frequency input windows were considered, as shown in Figure 7 : below 3.5 Hz, above 4.5 Hz, and in-between these values. For input frequencies below 3.5 Hz and above 4.5 Hz, the adequate configuration of the prototype would be the LTS, since in these frequency input ranges it is this configuration that minimizes the system's response. For input frequencies between 3.5 Hz and 4.5 Hz, the adequate configuration would be the HTS, for the same reason.
Control algorithms
In this section, a brief description of the control algorithms that confer the tower its frequency self-tuning capabilities is presented. The first algorithm is based on the STFT and enables the tower to identify the dominant excitation frequency and to define the adequate configuration according to the frequency input windows presented in Figure 7 . The second algorithm is based in a proportional-integral-derivative (PID) control approach, which has been found to give good results for temperature modulation in SMAs using Joule heating [51] .
STFT control algorithm
In the STFT control algorithm, the time-domain input signal is first partitioned into several disjointed or overlapped blocks, with a certain buffer length, which is a region of a physical memory storage used to temporarily store data. Multiplying the signal with a window function, which is nonzero for only a short period of time, improves the spectral characteristics of the signal. The discrete Fourier transform is then applied to each block, after extending the signal with zeros (zero padding), to make the signal have a power-of-two samples, which makes the algorithm more efficient. Because each block occupies different time periods, the resulting STFT indicates the spectral content of the signal at each corresponding time period. By moving the sliding window, one obtains the spectral content of the signal over different time intervals. Therefore, the STFT is a function of time and frequency that indicates how the spectral content of a signal evolves over time. More details about the mathematical implementation of the STFT algorithm can be found in [52] . The natural frequency of the prototype is continuously adjusted through shape morphing by the STFT control algorithm. The current dominant frequency of response is identified according to the STFT algorithm shown in Figure 8 . The top storey acceleration is the only feedback used in the STFT algorithm. The frequency of the prototype is tuned in order to minimize the dynamic response, according to the frequency input windows previously defined. 
PID control algorithm
As mentioned ealier, the frequency tuning of the prototype is achieved by temperature modulation of the SMA wires. The reference temperature for a given instant is defined by the STFT control algorithm. This temperature is the input reference for the temperature control algorithm, which is based in a PID control approach (represented in Figure 9 ). Being a closed-loop control system, the temperature output signal is fed back to the summing point and compared with the reference temperature input, yielding the actuating error signal. The output signal of the controller is the analog voltage reference input for the PPS. The feedback-path transfer function corresponds to the thermocouple in the SMA wire, which measures the output variable in order to make it comparable with the reference input signal, resulting in the feedback temperature signal.
Results and discussion
The STFT spectrogram, which is a visual representation of the spectrum of frequencies as they vary with time (for a frequency input variation between 2.0 Hz and 8. The thermo-mechanical behavior of the prototype during shape morphing is presented in Figures 11(a) and (b) . One can see that the response of the prototype during heating is much faster than during cooling. This is due to the fact that heating is controlled by the Joule heating and cooling mostly depends on the convection mechanisms between the SMA wires and the surrounding air. The presence of the intermediate R-phase doesn't seem to hinder the performance of the proposed temperature control algorithm.
The evaluation of the performance is based on the ability of the control system to Detailed peak and RMS responses are presented in Tables 1 and 2 , comparing the acceleration responses of the uncontrolled structure, and of the structure with shape-morphing abilities.
One can see that the performance of the proposed adaptive system is very good, with reductions of the peak and RMS accelerations up to 80%, when shifting from HTS to LTS, and up to about 60%, when shifting from LTS to HTS. 
Conclusions
The present paper addresses the dynamic response of an adaptive shape-morphing tower structure with frequency self-tuning capabilities. This study showed that tensegrity inspired structures can excel in adaptive dynamic control applications based on frequency tuning. From the performed analysis one can draw the following conclusions:
(i) The use of active SMA tendons directly embedded in the structure is a viable design solution to enable shape morphing and to reduce the peak acceleration.
(ii) By increasing the angle of the struts of the original C2T4 base module one is able to increase the frequency shift associated with shape-morphing, leading to higher frequency tuning capabilities for the system.
(iii) The frequency shift of the structure is associated with both geometric and physical effects, the latter due to variations on the elastic modulus of the SMA wires associated with the development of the martensitic transformation. This is one of the main reasons that makes SMA activation so appealing for shape-morphing TSs.
(iv) The proposed STFT based control algorithm is effective in identifying the dominant input frequency associated with the dynamic excitation.
(v) With the temperature modulation of the SMA wires, through Joule heating, based on a PID control algorithm, is possible to obtain an adequate response for the tower structure.
(vi) Based on the ability of the control system to successfully reduce the root mean square (RMS) and the absolute accelerations of the prototype (up to 80 %), it is possible to conclude that the proposed control approach shows great potential for vibration mitigation in engineering applications.
